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Abstract
A number of ﬂow cases of practical signiﬁcance exhibit a predominant spatial direction, along which the mean properties of the
ﬂow ﬁeld vary slowly while having fast variations on the cross-sectional planes. This property is taken into account when the three-
dimensional parabolized stability equations (PSE-3D) are derived. These equations represent the most eﬃcient approach for the
solution of the instability problem of such ﬂows. In this work, the linear PSE-3D are extended to predict the nonlinear development
of perturbations in this kind of complex three-dimensional ﬂows. The newly developed method is formulated and veriﬁed for
diﬀerent ﬂow problems of interest. Firstly, it has been veriﬁed by computing the evolution of linear and nonlinear Tollmien-
Schlichting waves in Blasius boundary layer, showing excellent agreement with traditional nonlinear PSE predictions. Also, the
evolution of optimal streaks is simulated and compared against direct numerical simulations. Finally, the nonlinear development
of stationary crossﬂow instabilities in a three-dimensional boundary layer is monitored using a non-orthogonal coordinate system
to follow the instability trajectory, showing again a very good agreement with PSE results.
c© 2014 The Authors. Published by Elsevier B.V.
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1. Introduction
Linear hydrodynamic stability analysis consider behavior of small-amplitude perturbations superposed on a laminar
ﬂow ﬁeld. The aim of it is to improve our understanding of the processes involved in the onset of unsteadiness and
the laminar-turbulent transition.
The topology of the base ﬂow deﬁnes the class of appropriate stability analysis. By far, the most studied class of
ﬂows are those which are inhomogeneous in only one spatial direction, e.g. channel ﬂow. This allows using the classic
local stability theory. In boundary-layer type of ﬂows, there are two inhomogeneous spatial directions. However,
a separation of slow and fast scales along the streamwise- and the wall-normal directions exists. Thus, stability
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analysis can be performed in an approximate manner using a local approach, but the preferred method of analysis
is a nonlocal approach based on the so-called Parbolized Stability Equations (PSE)1. Global or multi-dimensional
linear stability analysis consider ﬂows that are inhomogeneous in two or three spatial directions. Analysis of such
ﬂows are denoted as BiGlobal and TriGlobal analysis, respectively. In-between, the PSE-3D concept extends the
classic PSE to ﬂows depending strongly on two and weakly on the third spatial direction. The potential applications
of PSE-3D include for example several problems of interest, e.g. secondary instability of crossﬂow, Go¨rtler vortices
or streaky boundary layers, roughness induced transition in boundary layers, ﬂow around conical bodies, corner ﬂows
and non-axisymmetric jets.
The PSE-3D methodology, formulated for incompressible ﬂows by Galionis and Hall 2 and for the compressible
ﬂows by De Tullio et al. 3 , assumes the existence of two scales along the streamwise direction: a slow scale, on
which the base ﬂow varies, and a fast scale, along which linear and nonlinear wave-like perturbations develop. Base
ﬂow and disturbances are inhomogeneous functions of the two coordinates of the cross-sectional planes. Therefore,
the PSE-3D methodology results to a set of three-dimensional partial diﬀerential equations which requires solution
of a two-dimensional elliptic diﬀerential equation at each streamwise location. After initializing the PSE-3D with
solutions of the spatial BiGlobal eigenvalue problem for a given cross-section of the ﬂow4, the full three-dimensional
disturbance equations are marched along the slowly-varying spatial direction.
Our in-house developed multi-dimensional stability code has been recently used, among other applications, for
analyzing the instability of the wake behind an isolated roughness element in a supersonic boundary layer3. In
the mentioned work, the capability of the linear PSE-3D is demonstrated for high-speed ﬂows, showing excellent
agreement with results from DNS in the linear regime. In contrast, a relative error of approximately 10% was found
with the spatial BiGlobal growth rate predictions which demonstrates the importance of the nonparallel eﬀects for
these kinds of ﬂows.
In this work, we have extended our PSE-3D method and tools to include nonlinear interaction of instability modes.
In order to validate the methodology, boundary-layer ﬂows with spanwise homogeneity have been considered and
results have been compared with those obtained by nonlinear PSE.
2. The Nonlinear PSE-3D
The development in time and space of small-amplitude perturbations superposed upon a given ﬂow can be de-
scribed by the Linearized Navier-Stockes (LNS) equations. Linearization of the equations of motion is performed
around a steady laminar ﬂow, here denoted as q¯ = (ρ¯, u¯, v¯, w¯, T¯ )T . The components of the state vector are density,
streamwise-, normal- and spanwise velocities, and temperature, respectively. We denote the small-amplitude pertur-
bations superimposed on the mean ﬂow as q˜ = (ρ, u˜, v˜, w˜, T˜ )T . In general, mean and perturbation ﬁelds are functions
of time t, streamwise-, normal- and spanwise coordinates x, y and z. Now, let us expand the perturbation ﬁeld in terms
of its truncated Fourier series as
q˜(x, y, z, t) =
N∑
n=−N
q˘n(x, y, z) exp [−inωt] , (1)
where the term q˘n can be a fast varying wavy function and ω denotes the real angular frequency of the perturbations.
Note that since the perturbations are real quantities, q˘−n is equal to the complex conjugate of q˘n. By applying a WKB
type of approximation, we can write the Fourier amplitudes as
q˘n(x, y, z) = qˆn(x, y, z) exp
[
i
∫
x
αn(x′)dx′
]
, (2)
where qˆn is the shape function of perturbation and αn its corresponding wavenumber, both with slow variation in
streamwise direction. Thus, we assume ∂/∂x ∼ O(Re−1). Substituting the decomposition of ﬂow variables along with
deﬁnitions (1) and (2) into the NS equations, and neglecting terms of O(Re−2) and higher, the compressible nonlinear
PSE-3D equations can be written in a compact form as(
Ln +Mn
∂
∂x
)
qˆn(x, y, z) = Fn(x, y, z) exp
[
−i
∫
x
αn(x′)dx′
]
, (3)
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where Fn is the Fourier component of the total forcing F, originated from the nonlinear terms. The entries of the
matrix coeﬃcients Ln and Mn and vector F are found in Paredes 4 .
2.1. Normalization condition
An ambiguity exists in the PSE formulation, since both the shape function qˆ and the wavenumber α depend on
the streamwise coordinate, x. Therefore, the changes in amplitude along the slow spatial direction can be contained
both in the amplitude function qˆ or in the wavenumber α. A normalization condition is required in order to close the
formulation of the problem (see Herbert1,5 for a review). In this work, the following normalization condition is used:∫
Ω
qˆ†
∂qˆ
∂x
dΩ = 0. (4)
where Ω denotes the extend of the computational domain in cross-stream directions. This normalization imposes that
the variation of shape functions with respect to x remains small. Thus, the amplitude growth is mostly absorbed into
the phase function.
2.2. Numerical stability
The nature of the obtained stability equations is restrictedly parabolic and numerical instabilities can occur when
the streamwise step of integration is too small. The studies of Li and Malik6,7 and Andersson, Hennigson and Haniﬁ8
for PSE and the generalization to PSE-3D of Broadhurst and Sherwin 9 show that these formulations contain some
residual ellipticity that makes them ill-posed. It can be shown7 that when using an implicit scheme along with
suﬃciently large streamwise steps, the upstream propagating modes are not captured in the numerical integration,
thus permitting the stable integration of downstream propagating instabilities. For a ﬁrst order backward diﬀerence
scheme in the marching direction, a limit of Δx > 1/|α|, needs to be imposed on the marching step size for stability
purposes.
2.3. Initial condition: Spatial BiGlobal analysis
Spatial BiGlobal analysis is the analog of classic local spatial LST if two inhomogeneous spatial directions are
resolved simultaneously while the third direction is considered locally homogeneous. The results oﬀered by spatial
BiGlobal analysis is necessary to obtain the shape function, wavenumber, and damping/growth-rate, required as initial
conditions of the PSE-3D marching integration. In order to proceed, the base ﬂow is assumed to be locally independent
of one spatial coordinate x (but depending on the other two spatial directions, y and z, in a coupled inhomogeneous
manner). Flow quantities are then decomposed according to
q(x, y, z, t) = q¯(y, z) + q˜(x, y, z, t), ε  1, (5)
where εq˜ represents the unsteady three-dimensional inﬁnitesimal perturbations, being inhomogeneous in y and z and
periodic in x. Thus, one may write
q˜(x, y, z, t) = qˆ(y, z)Θ(x, t) + c.c., (6)
with qˆ representing the vector of two-dimensional complex amplitude functions and
Θ = exp[i(αx − ωt)], (7)
a complex phase function. The linear disturbance equations of spatial BiGlobal stability analysis are obtained at
O(ε) by substituting (5) into the governing equations, subtracting out the O(1) base ﬂow terms and neglecting terms
at O(ε2). In the present spatial framework, ω is taken to be a real angular frequency parameter, while the complex
eigenvalue α, and the associated eigenvectors qˆ are sought. The real part of the eigenvalue αr is related with the
wavenumber of the eigenmode along the homogeneous spatial direction x, αr = 2π/Lx, while the imaginary part is its
growth/damping rate; a negative value of αi indicates exponential growth of q˜ in space, while αi > 0 denotes decay
of q˜ in space. The resulting two-dimensional PDE-based EVP is nonlinear on eigenvalue α, but it is converted into
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a linear eigenvalue problem, which is larger in size by a factor equal to the degree of non-linearity (see Theoﬁlis 10),
using the companion matrix method11, in which an auxiliary vector is deﬁned, qˆext = [ρˆ, uˆ, vˆ, wˆ, Tˆ , αuˆ, αvˆ, αwˆ, αTˆ ]T ,
and the resulting EVP is
Aqˆext = αBqˆext. (8)
The entries of matrices A and B are found in Paredes 4 .
3. Numerical scheme
The two directions of the plane normal to the streamwise direction (y, z) are discretized in a coupled manner. For
the problems considered here, periodic boundary conditions are imposed along the spanwise direction, which allows
the use of the Fourier collocation scheme on this direction. The wall-normal derivatives are discretized using high-
order ﬁnite diﬀerence schemes developed by Hermanns and Herna´ndez 12 . Here, the scheme is denoted as FD-q with q
being the order of accuracy. The streamwise derivatives are discretized using a ﬁrst-order accurate implicit backward
Euler scheme.
The inversion of the matrices corresponding to the discretized diﬀerential operators of PSE-3D (3) and the spatial
BiGlobal analysis GEVP (8), which leading dimension is O(104 − 105), is performed using the parallelizable sparse
matrix linear algebra package MUMPS13,14 and the SPARSKIT2 library15. These libraries exploit the high level of
sparsity pattern oﬀered by the ﬁnite-diﬀerence spatial diﬀerentiation, improving substantially on numerical eﬃciency
while keeping accuracy; see Paredes et al. 16 for more details.
Appropriate mappings between the ﬁnite-diﬀerence grids (ξ ∈ [−1, 1]) and the computational domain are needed.
Since the boundary layer problem requires clustering of points at the wall, the equation used to map the calculation
domain grid η ∈ [0, 1] into the FD-q grid is
η j = l
1 − ξ j
1 + s + ξ j
, s = 2l, l =
η∞ηh
η∞ − 2ηh , (9)
where η∞ is the location where the calculation domain is truncated and ηh is the domain location that splits in two
halves the number of discretization points.
The elliptic spatial BiGlobal problem, written as a GEVP in equation (8), is solved using the Arnoldi algorithm17,
delivering a number of eigenvalues in the vicinity of a speciﬁc estimated value, usually around the unstable/least-
stable eigenvalue. The computational cost is signiﬁcantly reduced when employing the Arnoldi algorithm instead of
seeking the entire eigenspectrum by classical QZ method18. More details can be found in the literature17,19.
4. Results
Three diﬀerent ﬂow problems are presented as veriﬁcation of the newly developed nonlinear PSE-3D methodology.
Firstly, the linear and nonlinear evolution of TS waves in the Blasius boundary layer is computed and compared with
those obtained from NOLOT/PSE code20,21,22. Secondly, using also the Blasius boundary layer as the base ﬂow, the
optimal initial perturbation computed by Andersson et al. 23 is introduced as initial condition of the steady nonlinear
PSE-3D equations. The resulting three-dimensional streaky boundary layer is compared with DNS results of Cossu
and Brandt 24 . Thirdly, the nonlinear evolution of steady fundamental crossﬂow instabilities on an accelerated three-
dimensional boundary layer over a ﬂat plate in crossﬂow are computed marching along diﬀerent trajectories and
compared with NOLOT/PSE results.
4.1. TS waves in Blasius boundary layer
The nonlinear PSE-3D equations are used here to compute the nonlinear evolution of two-dimensional pertur-
bations in an incompressible ﬂat plate boundary layer ﬂow. Reference values are taken at the initial station. The
reference length is the
√
ν∗x∗0/u¯∗e, where ν is the kinematic viscosity, the asterisk denotes the dimensional values and
subscript e corresponds to the values at the edge of the boundary layer. Value of the Reynolds number at the initial
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Fig. 1. Comparison of u˜rms evolution in local Re =
√
x Re0, for the incompressible ﬂat-plate boundary-layer using the nonlinear PSE-3D and the
NOLOT/PSE codes, showing (a) linear and (b) logarithmic scaling of u˜rms. Also, the linear evolution of the fundamental mode for same initial
amplitude is shown.
position is Re0 = 400. The fundamental frequency is set to ω = 0.0344. The spanwise direction is discretized with
Nz = 4 Fourier collocation points and the wall-normal direction with Ny = 101 points using an eight-order accurate
ﬁnite-diﬀerences scheme (FD-q8)16. The domain in wall-normal direction is truncated at ymax = 150 and the spanwise
extension is set to Lz = 2π. The computations have been initialized with the fundamental mode and the initial rms
amplitude of 2 × 10−3. Higher modes as well as the mean ﬂow distortion (MFD), n = 0, are generated as a result of
the nonlinear process.
Figure 1 shows the evolution of the root-mean-square (RMS) amplitude of streamwise velocity perturbation for
diﬀerent Fourier components of perturbation, including the MFD. Results show excellent agreement against those
computed using the NOLOT/PSE code. The nonlinear eﬀects are clearly visible, exhibiting a strong diﬀerence of the
fundamental mode from Re > 800 with the linear simulation, together with an important growth of the MFD.
4.2. Streaks in Blasius boundary layer
The nonlinear evolution of the streak is simulated solving the nonlinear PSE-3D for zero frequency ω = 0 pertur-
bations. The streamwise integration is initialized with the optimal disturbance23. at Re0 = 272. The perturbation is
optimized for maximum growth at Re = 707 and is computed with a spectral code used in Levin and Henningson 25
based on an adjoint optimization technique described in Andersson et al. 23 .
Since the direction of the streak is aligned with the marching trajectory, which results in having α = 0, no normal-
ization condition is imposed. The spanwise length of the computational domain is set to Lz = 22.0676 corresponding
to a wavelength of β = 0.284724, and the wall-normal extension is truncated at ymax = 150. The domain is discretized
using Nz = 16 Fourier collocation points in spanwise direction, Ny = 161 in wall-normal direction using FD-q8
scheme.
Table 1. Values of initial streak amplitude, As,0 for the computed streaky boundary-layers as in Cossu and Brandt 24 . Note that As,0 = 0 refers to
the Blasius boundary layer.
Case A B C D
As,0 0.0000 0.0618 0.0927 0.1235
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Fig. 2. Evolution of streak amplitude (a) along streamwise direction computed with nonlinear PSE-3D and kinetic energy evolution of a TS wave
(b) computed with linear PSE-3D for ω = 0.0358 using the streaky boundary layers as base ﬂow.
The streak amplitude is deﬁned as
As =
1
2
[
max
y,z
(u˜s) −min
y,z
(u˜s)
]
, (10)
where u˜s refers to the stationary Fourier mode or MFD. The simulations are initialized with the optimal perturbation
having the amplitudes given in Table 1. Excellent agreement is observed when comparing the streak evolution with
the DNS results of Cossu and Brandt 24 , see Figure 2a. Further, the evolution of the TS-wave have been simulated
using linear PSE-3D for the streaky boundary layers obtained with nonlinear PSE-3D reported above.The frequency
of the TS wave is ω = 0.0358. Here, the kinetic energy of the disturbance E =
∫
Ω
u˜† · u˜ dΩ is chosen as measure
of the TS wave amplitude. Similar to results reported in previous computational24,26 and experimental27 studies, the
stabilizing eﬀect of streaks on the two-dimensional TS waves is observed for all streak amplitudes, see Figure 2b.
4.3. Crossﬂow perturbations in a three-dimensional boundary layer
Here, the base ﬂow model an experiment made by Bippes 28 at DLR in Go¨ttingen, where the ﬂow over a swept ﬂat
plate was designed to approximate a Falker-Skan-Cooke velocity proﬁle. The same model was used by Ho¨gberg and
Henningson 29 to study the secondary instability of crossﬂow votices by means of DNS.
In three-dimensional boundary-layers with crossﬂow30, the direction of the instability waves is not parallel to the
direction of the inviscid freestream ﬂow. Because of this, the streamwise wavenumber α is not zero and the direction of
the wave is represented as tan φ = β/α in a local framework. In contrast to the simulations of streaks, the normalization
condition needs to be imposed when the PSE (or PSE-3D) is marched along the streamwise direction.
Using the Cartesian coordinate system, the following procedure needs to be considered to compute the nonlinear
terms in a satisfactory manner. The amplitude functions are divided into
qˆ = qˆ0 + qˆ + qˆ+, (11)
where qˆ0 refers to the zero Fourier mode in z-direction, equivalent to the β0 = 0 mode in PSE, and qˆ+ to the complex
conjugate, equivalent to the β < 0 modes in PSE. Then, a nonlinear term, e.g. uˆvˆ, can be written as
uˆvˆ = uˆ0vˆ0 + uˆ0vˆ + uˆ0vˆ+ + uˆvˆ0 + uˆ+vˆ0 + uˆvˆ + uˆvˆ+ + uˆ+vˆ
= uˆ0vˆ0 + (uˆ0vˆ + uˆvˆ0) + (uˆ0vˆ + uˆvˆ0)+ + uˆvˆ + (uˆvˆ)+ + uˆvˆ+ + (uˆvˆ+)+. (12)
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Fig. 3. Evolution of spanwise Fourier modes using linear and nonlinear PSE-3D, in which a diﬀerent number of modes are integrated along the
streamwise direction, and nonlinear PSE (NOLOT) codes. (a) Using qˆ0, qˆ and qˆ+. (b) Using qˆ0, qˆ, qˆ+, qˆh and qˆh+.
Then, the diﬀerent terms in equation (12) are designated to the nonlinear equations for qˆ0, qˆ and qˆ+ as follows
qˆ0 : uˆ0vˆ0 + uˆvˆ+ + (uˆvˆ+)+, (13)
qˆ : uˆvˆ + uˆ0vˆ + uˆvˆ0, (14)
qˆ+ : (uˆvˆ)+ + (uˆ0vˆ + uˆvˆ0)+. (15)
The evolution of the Fourier modes with β > 0 is compared between PSE and PSE-3D. For the results presented here,
the spanwise length is set to Lz = 0.012 m and the marching integration is begun at x = 0.05094 m. The simulation is
started with 5 linear PSE-3D steps before computing nonlinear interactions, replicating the same procedure followed
with the NOLOT/PSE code. The marching step is constant and equal to Δx = 0.001 m. The domain is discretized
using Nz = 16 Fourier collocation points in the spanwise direction and Ny = 121 points in the wall-normal direction
using FD-q8 scheme. Periodic boundary conditions are imposed in the spanwise direction, and the computed two-
dimensional amplitude functions are Fourier transformed in spanwise direction to make detailed comparison possible.
Figure 3 shows comparison of nonlinear PSE-3D results using the relations (13)-(15) and those given by the
NOLOT/PSE code. Discrepancies are observed mainly for the spanwise Fourier harmonics. The diﬀerence between
Figures 3a and 3b is the number of modes considered for the marching integration. While in Figure 3a the decom-
position of equation (11) is used, results in Figure 3b are computed with an additional mode, qˆh, which is fed by the
harmonic nonlinear terms following the same idea of equations (13)-(15). This mode is initialized by local 2β-mode.
Thanks to this, an additional normalization condition is used for the harmonics, instead of imposing the α of the fun-
damental mode for all the harmonics. The results were further improved by using a larger number of spanwise modes,
but it drastically increased the computational cost making the method ineﬃcient.
A solution to this problem is found using a non-orthogonal coordinate system, which makes it possible to integrate
the equations along the trajectory of the instability wave. The procedure implies a translation of the axis
x = ξ, y = η, z = ζ + ξ tan(θ(ξ)), (16)
where ξ, η and ζ are the computational coordinates, and θ = − tan−1(αlin(ξ)/β), being αlin(ξ) the streamwise wavenum-
ber resulting from running the linear PSE or PSE-3D.
Using this coordinate transformation, the direction of the wave is aligned with the marching integration and no
normalization condition needs to be imposed. Therefore, only a single stationary mode is integrated in a similar
manner as in the streak problem described earlier. A very good agreement with nonlinear PSE results is found. This is
shown in Figure 4, where the evolution of the maximum amplitude of streamwise velocity is plotted for the spanwise
Fourier modes, βm = mβ with m = 1, 2, 3 and 4.
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Fig. 4. Evolution of diﬀerent spanwise Fourier modes obtained by integration of only one mode along the trajectory of fundamental linear crossﬂow
vortices. Nonlinear PSE (NOLOT code) results are also plotted for comparison
5. Conclusions
For the ﬁrst time the nonlinear stability equations has been formulated for three-dimensional ﬂows with a single
slowly-varying spatial direction. The novelty of this methodology is the consideration of nonlinear interaction of
modes in an analogous manner as the conventional nonlinear PSE. The newly developed nonlinear PSE-3D code
has been veriﬁed for three diﬀerent ﬂow problems. Namely, the nonlinear evolution of both TS-waves and optimal
streaks in the Blasius boundary layer, and ﬁnally it has been used to simulate the nonlinear evolution of stationary
crossﬂow vortices in a three-dimensional boundary layer using a generalized coordinate system. In all cases, excellent
agreement has been documented against PSE and DNS predictions.
The capabilities of such formulation is the stability analysis of complex three-dimensional ﬂows that so far were
only accessible to the computationally much more expensive direct numerical simulations.
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